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power spectral density functions are replaced with their aliased peri-Noise Amplification of Periodic Nonuniform Sampling
odic counterparts. Evaluating these periodic functions, which are usu-

ally expressed as infinite sums of periodically shifted spectral densi- Daniel Seidner and Meir Feder

ties, is simplified by a method based on contour integration. The ex-
ample using a second-order innovations representation demonstrated

. . . - . . : bstract—In this correspondence, we discuss periodic honuniform sam-
the simplicity of this technique. As with the nonaliased case, the alias g as described by Yen. Such a sampling scheme is more sensitive to ad-

Wiener filter requires complete knowledge of the second-order statifiive white noise than uniform sampling. We give here an explicit formula
tics of the processes of interest. In practice, we would model these piwthe noise amplification of periodic nonuniform sampling compared with

cesses using such a (factorable) representation from which we coddorm sampling.
obtain the necessary second-order statistics. Since the noncausal Sfgex Terms—Nonuniform sampling, quantization, signal reconstruc-

lution discussed herein is unrealizable, we would need to implementian, signal sampling.
causal form of the filter either by truncating and delaying the noncausal

form or by solving the causal estimation problem through the use of
factorization techniques such as that proposed by Bode and Shannon

[4].
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It is well known that uniform sampling is less sensitive to additive
white noise than other forms of sampling such as derivative sampling
and “bunched” or periodic nonuniform sampling (see Bracewell [1], for
example). A good review of sensitivity issues can be found in Marks
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the noise sensitivity of periodic nonuniform sampling compared with
uniform sampling.
We discuss the case of a bandlimited sigfigl) with bandwidth

B, i.e., its Fourier transforn¥'(w) is zero forlw| > B. We sample

this signal so that the average rate equals the Nyquist raé¢ efsam-
ples/s. In every period o¥f = / B seconds, we havld samples at times
1, T2, -+, Ta relative to the beginning of the period. This scheme
was first described by Yen [3], who also provided the explicit interpo-
lation formula.

The analysis conducted by Yen assumed an exact knowledge of the
value of the samples. In practice, we never have the exact samples
value due to quantization and noise. Thus, an interesting question is
the quality of the reconstruction in the presence of noise. We specifi-
cally discuss the case where the measurement noise is independent of
the signal and white.

When adding a white quantization noise to the samples, we have a
reconstruction error” (¢). Its variance, which is denotd@{|v"(¢)|*},
depends on the sampling scheme.

It is convenient to represent the periodic nonuniform sampling ac-
cording to Papoulis’ generalized sampling expansion (GSE) [4]. In a
GSE system, the input is fed #d filters. To assure reconstruction, the
M outputs of these filters can be sampled simultaneously &ftth of
the Nyquist rate, i.e., the sampling periodiigr/ B. Choosing thel/
filters to be time shift elements with

Hy(w) = 7“7 1)

whereH x(w) is the Fourier transform of thieth filter and wheret =
1,2, ---, M results in a GSE system that is equivalent to the nonuni-
form sampling scheme described above.

Il. ANALYSIS

We start our analysis by adding a zero mean discrete stochastic noise
sequence to each of the sample sequences resulting from sampling the
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M output channels of the GSE system, prior to reconstruction. We deid the matrixA therefore becomes
note therth noise value, which is added to théh sample of théth

2 (M=-1)
channel, asx(rnT"), where belowdisplayskip20pt T m 1 x(lM—l)
1 xz2 x5 T
E{ok(nT)og(mT)} = 036k, g6, m @) A= , (11)
andvx(nT) is a zero mean random variable. This is equivalent to 1 e ol x(}é\j/}—n

adding a zero mean discrete stochastic white noise sequence with

variances? to the sequence resulting from the periodic nonuniforiyhich is the classic Vandermonde matrix. Therefore
sampling. We define the noise amplification factér as belowdis-

playskip20pt ATl = _ an,k—1 (12)
e [Tt
E{lvm (0%} -
=T ® =

whereE{[o7 ()7} is the time average df{|v" (1)|?}, andA. is equal where{a;, x—1} 2L, are the coefficients of the polynomi&(z)
to Marks’ normalized interpolation noise variance (NINV) [2].

We use the analysis of white additive noise in GSE systems as de- M M1
veloped in [5]. In this analysis, we found that belowdisplayskip20pt Pi(z) = H (z —wi) Z at,qr”. (13)
b =°
1 «—B+tec M M .
== . Now
Ac=- ./_B SO T @) dw
k=1 l=1
1 [TBte . y . M M
=L T wre T e e @ AT AT =3 AP
-5 =1 k=1
where T (w) is Papoulis’ GSE matrix, which is all x M matrix :
whose(k, {)th component is given by belowdisplayskip20pt
M M
_ Z Z k-1
™
Th(w) =Hr(w+ ({1 —=1)-¢) (5) =1 k=1 H T — i)
=1
and wherec = 2B/M. A similar expression has been derived by z#l
Cheung and Marks in [6]. M
wT, : . |al k— 1|
In our case Hx(w) = ¢?“7*; thereforebelowdisplayskip20pt Z M (14)
=1 H Ty — xz
Tkl(w) :e]wrk e](l_l)”'k (6) lz;%
or
T(w) = B(w)A @) We find the sumzﬁil lai, k—1]> using Parseval theorem. Con-
sider the discrete Fourier transform (DFT) of the sequence
where belowdisplayskip20pt {at,0, @1, -+, a;,m—1}. The kth component A; . of this
DFT is
. wT wT wT M—1
B(w) =diag{e’“™, ¢’ ..., 77T} (8) _ ay, ge~ICTIMIRG _ py(=i(2m /MRy
and q=0
cT cT M—1)7
Loelen e L U k=0, M 1. (15)
1 eJeT2 e]2c‘r2 . 6J<M_1)T2
A= ©) According to the Parseval theorem, we have
1 M-1
) ) 2 e 2
1 o™ eJQCTM eJ(M_l)TM Z |al7k—1| - M k=0 |Al7k|
M-1

Since t{T(w)~" T(w)™*"} = tr{A~*" A=""}, we only need to _

_Since 1 _ ) Py CmOR 2
find A~ in order to calculate the noise amplification factor. Note that

Sll =
-

k=0
A is a Vandermonde matrix for which the formula for the inverse is | M-
known (see e.g., [7] or [8]). Here, we use a slightly different repre- = — |Pl(eﬁ(2”/J‘4)k)|2
sentation. Let:x = ¢’“"*. The(k, {)th component ofA is belowdis- M=
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to the amount of reconstruction noise in periodic nonuniform sampling
created by white quantization noise, compared with uniform sampling,
which is an optimal sampling scheme. The result in this correspondence
is an interesting particular case of the sensitivity analysis of [5].

>
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Abstract—We propose a wideband beamspace adaptive array that uses

FIR fan filters to construct a multibeam forming network. We also describe

dw. a method for designing such FIR fan filters. Approximation is achieved by

(21 — 1|2 combining spectral transformation and the window method such that the

' beam patterns including the sidelobe characteristics of the resulting fan

filters are virtually frequency independent. This is a requirement of beam-

forming networks used in multibeam forming. Fan filters designed with the
(17) proposed method are used to demonstrate that the beam-space adaptive

array can suppress interference signals having a wide fractional bandwidth

Using the relations ; = ¢7™, |e/“™ — ¢?°2|? = 4¢in®(¢/2)(71 — and that the array has fast convergence.

27/ M)k Bk
72), ande?*T/ME = erer j , we have Index Terms—Adaptive arrays, array processing, fan filters, multidimen-
sional digital filters.
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R i‘;% I. INTRODUCTION
Ae= M ; M . (18) In the fields of radio communications, radar, and acoustics, wide-
- H sin? 2 (r1—7) band adaptive beamforming is an important technique for rejecting in-
z;% terference signals whose incident direction into a sensor array differs

from that of the desired signals.

This equation gives the noise amplification as a function oftte ~ Tapped-delay line circuits with adaptive coefficients are often used
that define the nonuniform sampling. We see that if we chogse  for wideband adaptive arrays [1]. In general, however, they require
(i — 1)« /B, which means uniform sampling, we get the minimum

no!se amp|IfIC6_l'[I0r_}4€ =1, '_'e"E{|”T('f)|2} = o3. As shown in [5], Manuscript received April 24, 1997; revised July 2, 1999. The associate editor
uniform sampling is an optimal sampling scheme. coordinating the review of this paper and approving it for publication was Dr.
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